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Let DN = {(xi , yi )1≤i≤N} be a data set, with xi ∈ X , a
compact subset of Rd , and yi ∈ Y, a finite set of labels.

Let c ∈ RX×Y
2

+ be a (bounded) cost function: c(xi , yi , y) is
the cost (or loss) for choosing the label y instead of the oracle
response yi for the input xi . For example,

c(xi , yi , y) = I{y 6=yi} =

{
1 if y 6= yi

0 else
.

Let G be a subset of (deterministic) functions mapping inputs
to labels (that is, deterministic decision rules), G ⊂ YX .

The “ideal” empirical risk for cost-sensitive multiclass
classification is

RN(g) =
1

N

N∑
i=1

c(xi , yi , g(xi )).

Lack of convexity and smoothness...
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Let Ψ be a subset of RX×Y . A function ψ ∈ Ψ can be
understood as a score function, ranking different labels for a
given input.

Define the decision rule as being greedy resp. to ψ:
gψ(x) = argmaxy∈Y ψ(x , y).

Let ϕ : R→ R be some convex function (e.g., ϕ(t) = et).

Define (for example) the following (convex when ψ is linearly
parameterized) surrogate:

RN(ψ) =
1

N

N∑
i=1

∑
y∈Y

c(xi , yi , y)ϕ(ψ(xi , y)).

The proxy should be well calibrated (Pires et al., 2013),
guess-averse (Beijbom et al., 2014), tractable... Choosing the
right proxy is difficult.

4 / 25



Problem Statement
A boosting approach

Analysis
Experimental results

Cost-sensitive multiclass classification
Classic approach: convex surrogates
Proposed approach: a smooth surrogate

Define a stochastic decision rule from the score function:

gψ(y |x) =
eψ(x ,y)∑
z∈Y e

ψ(x ,z)
.

Minimize directly the “ideal” risk, with a stochastic decision
rule replacing the deterministic one:

RN(ψ) =
1

N

N∑
i=1

Ey∼gψ(.|xi )[c(xi , yi , y)]

RN(ψ)

=
1

N

N∑
i=1

∑
y∈Y

gψ(y |xi )c(xi , yi , y).

(Recall the “ideal” risk:)

RN(g) =
1

N

N∑
i=1

c(xi , yi , g(xi )).

Convexity is lost, but no calibration problem. 5 / 25



Problem Statement
A boosting approach

Analysis
Experimental results

Functional gradient descent
sm-boost

1 Problem Statement
Cost-sensitive multiclass classification
Classic approach: convex surrogates
Proposed approach: a smooth surrogate

2 A boosting approach
Functional gradient descent
sm-boost

3 Analysis
Smoothness
Convergence

4 Experimental results
Competitors
Synthetic problems
Real-world data sets
About non-convex boosters

6 / 25



Problem Statement
A boosting approach

Analysis
Experimental results

Functional gradient descent
sm-boost

Basic boosting algorithm (Grubb & Bagnell, 2011)

Inputs;
Initial function ψ0 ;
Learning rates (αt)t>0 ;
Hypothesis space H ;

for t = 1, 2, . . .T do

Compute the gradient ∇t = ∇RN(ψt−1) ;

Project ∇t onto H, finding nearest directions h∗t :

h∗ = argmax
h∈H

〈∇RN(ψ), h〉N
‖h‖N

;

Update ψ: ψt = ψt−1 − αt
〈h∗t ,∇t〉N
‖h∗t ‖2

N
h∗t ;

end
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We focus on hypothesis spaces generated by binary classifiers
as weak learners, that is:

H ⊂ {−1,+1}X×Y .

It can be shown that

h∗ ∈ argmax
h∈H

1

N

N∑
i=1

∑
y∈Y

gψ(y |xi )∆ψci (y)h(xi , y)

with ∆ψci (y) = c(xi , yi , y)−
∑
z∈Y

gψ(z |xi )c(xi , yi , y).

Weighted binary classification problem with
inputs (xi , y)1≤i≤N,y∼gψ(.|xi )
weights (|∆ψci (y)|)
outputs (sgn(∆ψci (y)))

sm-boost reduces cost-sensitive multiclass classification to a
sequence of weighted binary classification problems.
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Lemma

Without loss of generality, assume that c ∈ [0, 1]X×Y
2
. The

functional RN(ψ) defined as

RN(ψ) =
1

N

N∑
i=1

∑
y∈Y

gψ(y |xi )c(xi , yi , y)

is 1-Lipschitz-smooth:

∀ψ, φ ∈ L2(X ,RY , ρ̂), ‖∇RN(ψ)−∇RN(φ)‖N ≤ ‖ψ − φ‖N .
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Definition ((Grubb & Bagnell, 2011))

The hypothesis space H has an edge γ ∈]0, 1[ if for every gradient
∇RN(ψ), there exists a function h ∈ H such that:

〈∇RN(ψ), h〉N ≥ γ‖∇RN(ψ)‖N‖h‖N .

Theorem

Assume that H has an edge γ > 0. Without loss of generality,
assume also that c ∈ [0, 1]X×Y

2
. Let (ψt)t≥0 be the sequence of

functions computed by the sm-boost algorithm for the learning
rate αt = 1 (for all t > 0). We have that:

lim
t→∞

‖∇RN(ψt)‖N = 0 and min
1≤t≤T+1

‖∇RN(ψt)‖N ≤
1

γ

√
2

T
.
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Some remarks:

This does tell nothing about the generalization error (not
addressed).

The risk is smooth, but not convex. Zeroing the gradient is
not enough to get a global minimum.

However, a perturbation analysis in a simplified case (binary
loss) shows that local minima are unlikely (see the paper).
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Considered competitors:

AdaBoost.MH (Schapire & Singer, 1999), a multiclass
generalization of AdaBoost based on the Hamming loss

SAMME (Zhu et al., 2009), a forward stagewise additive
modeling approach minimizing an exponential-based surrogate
for the binary multiclass case.

MartiBoost (Long & Servedio, 2005), a non-convex booster.
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Randomly generated mutliclass classification problems inspired
from the Madelon data set (Guyon, 2003). For each problem, the
following quantities are chosen randomly:

number of informative features

number of redondant features (random linear combination of
linear ones)

number of repeated features

number of useless features

number of classes

number of clusters per classe

fraction of samples whose classes are randomly exchanged

number of training samples
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Comparison to AdaBoost.MH
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Comparison to SAMME
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Data set # train # test # features # classes

dna 2000 1186 180 3
letter 15000 5000 16 26
mnist 60000 10000 784 10
pendigits 7494 3498 16 10
satimage 4435 2000 36 6
segment 210 2100 19 10
splice 1000 2175 60 2
vowel 528 462 10 11
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Test error rates on considered data sets

T = 10 T = 100 T = 1000
dna AdaBoost.MH 5.14 3.96 4.05

SAMME 6.15 4.64 4.46
sm-boost 6.49 4.89 4.13

letter AdaBoost.MH 15.0 3.72 2.34
SAMME 13.0 3.68 2.84
sm-boost 26.9 10.7 5.40

mnist AdaBoost.MH 12.7 4.14 1.76
SAMME 10.8 3.72 2.52
sm-boost 14.0 7.12 3.56

pendigits AdaBoost.MH 4.86 2.43 2.17
SAMME 3.03 2.49 2.29
sm-boost 8.23 4.57 2.83

satimage AdaBoost.MH 13.0 10.0 9.20
SAMME 13.7 9.85 8.8
sm-boost 12.9 10.8 8.95

segment AdaBoost.MH 5.90 6.00 6.38
SAMME 10.86 10.86 10.86
sm-boost 9.19 6.95 6.19

splice AdaBoost.MH 2.94 2.71 2.53
SAMME 5.75 3.17 2.71
sm-boost 4.64 3.63 3.08

vowel AdaBoost.MH 49.4 44.6 42.9
SAMME 47.8 39.4 38.3
sm-boost 56.9 45.7 46.3
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Test error rates on noisy data sets (20% of noise)

T = 10 T = 100 T = 1000
dna AdaBoost.MH 8.26 (5.14) 7.67 (3.96) 7.25 (4.05)

SAMME 13.8 (6.15) 10.5 (4.64) 8.85 (4.46)
sm-boost 6.15 (6.49) 4.64 (4.89) 6.24 (4.13)

letter AdaBoost.MH 26.2 (15.0) 15.1 (3.72) 8.58 (2.34)
SAMME 25.8 (13.0) 11.6 (3.68) 6.84 (2.84)
sm-boost 29.2 (26.9) 13.2 (10.7) 6.98 (5.40)

mnist AdaBoost.MH 19.8 (12.7) 11.5 (4.14) 7.01 (1.76)
SAMME 17.4 (10.8) 12.1 (3.72) 5.48 (2.52)
sm-boost 14.1 (14.0) 6.96 (7.12) 3.78 (3.56)

pendigits AdaBoost.MH 10.9 (4.86) 7.63 (2.43) 5.77 (2.17)
SAMME 11.7 (3.03) 6.66 (2.49) 4.49 (2.29)
sm-boost 9.06 (8.23) 3.97 (4.57) 3.06 (2.83)

satimage AdaBoost.MH 16.7 (13.0) 12.8 (10.0) 10.9 (9.20)
SAMME 17.3 (13.7) 12.9 (9.85) 10.7 (8.8)
sm-boost 13.8 (12.9) 11.8 (10.8) 10.4 (8.95)

segment AdaBoost.MH 15.6 (5.90) 13.8 (6.00) 13.9 (6.38)
SAMME 17.0 (10.86) 14.0 (10.86) 13.0 (10.86)
sm-boost 15.9 (9.19) 12.4 (6.95) 12.0 (6.19)

splice AdaBoost.MH 16.9 (2.94) 16.7 (2.71) 14.9 (2.53)
SAMME 18.3 (5.75) 17.2 (3.17) 14.3 (2.71)
sm-boost 9.15 (4.64) 10.7 (3.63) 13.1 (3.08)

vowel AdaBoost.MH 55.8 (49.4) 47.2 (44.6) 47.6 (42.9)
SAMME 54.1 (47.8) 44.6 (39.4) 41.3 (38.3)
sm-boost 52.8 (56.9) 48.9 (45.7) 43.7 (46.3)
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Convex boosters are defeated by random classification
noise (Long & Servedio, 2010).

There exists a toy problem (X = {0, 1}21, Y = {0, 1})
designed to defeat convex boosters (Long & Servedio, 2010).

There exist non-convex boosters (yet, for cost-insensitive
binary classification), notably MartiBoost (Long & Servedio,
2005).
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Summary and future works

Summary:

Cost-sensitive multiclass classification.

Instead of introducing a convex surrogate, minimize directly
the risk of interest, considering a stochastic decision rule.

Partial convergence analysis.

Experimentally, less sensitive to noise (but not that
competitive in the noiseless case).

Future works:

Study the quality of the solution (is zeroing the gradient
enough to get close to the global optimum).

Study the generalization error.

More algorithms (beyond naive gradient descent).
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Questions?
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